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Abstract 

By using lower bound conditions of the Levy measure w.r.t. a nice reference mea- 
sure, the coupling and strong Feller properties are investigated for the Markov semi- 
group associated with a class of linear SDEs driven by (non-cylindrical) Levy processes 
on a Banach space. Unlike in the finite-dimensional case where these properties have 
also been confirmed for Levy processes without drift, in the infinite-dimensional setting 
the appearance of a drift term is essential to ensure the quasi-invariance of the process 
by shifting the initial data. Gradient estimates and exponential convergence are also 
investigated. The main results are illustrated by specific models on the Wiener space 
and separable Hilbert spaces. 
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1 Introduction 

In recent years, the coupling property, the strong Feller property, and gradient estimates 
have been intensively investigated for linear stochastic differential equations driven by Levy 
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processes on W^, see e.g. [HI |22l |2T1 [T71 [3l [TH UHl El Ej and references within. In these 
references the shift-invariance of the Lebesgue measure plays an essential role. When the 
state space is infinite-dimensional so that the Lebesgue measure is no longer available, we 
need a reference measure which is quasi-invariant under a reasonable class of shift transforms. 
Typical examples of the reference measure include the Wiener measure on the continuous 
path space and the Gaussian measure on a Hilbert space, see Section 5 for details. The 
purpose of this paper is to investigate regularity properties of linear SDEs driven by Levy 
processes on a Banach space equipped with such a nice reference measure. To ensure the 
quasi-invariance of the solution, a strong enough linear drift term will be needed. 

On the other hand, concerning (semi-)linear SDEs on Hilbert spaces, when the noise is 
a cylindrical a-stable process, many regularity results derived in finite dimensions can be 
extended to the infinite-dimensional setting (see [151 ESI 125]); and when the noise has a non- 
trivial Gaussian part, the regularity properties can be derived by using the drift part and 
the Gaussian part (see e.g. [221 El El [IS])- But there seems to be no results concerning the 
strong Feller and coupling properties for SDEs driven by purely jump non-cylindrical Levy 
processes. In this paper we intend to investigate these properties for linear SDEs driven by 
non- cylindrical Levy noise on Banach spaces. 

Let (B, II ■ ||b) be a Banach space and let be a probability measure on B having full 
support. Let B' be the dual space of B with (•, •) the duality between B and B'. Let (H, || ■ ||e) 
be another Banach space which is densely and continuously embedded into B such that for 
any /i G H, /i is quasi-invariant under the shift x ^ x + h; that is, there exists a non-negative 
measurable function ip^ on B such that 

(LI) fi{dz - h) = iph{z) ^{dz). 

Let Lt be a Levy process on B with Levy measure u. Recall that a a-finite measure u onM 
is called a Levy measure if z^({0}) = and the mapping from B' to M given by 



I' 3 a exp 



( cos {x, a) — l) z/(dx) 



is the characteristic function of a random variable on B. Note that since cos is an even 
function, one may replace u by the symmetric measure u + u* as in [2], where i'*{A) = u{—A) 
for any A & When B is a Hilbert space, is a Levy measure if and only if z^({0}) = 
and /jg(l A ||x||b) iy{dx) < oo; while in general, z/ is a Levy measure provided ^^({0}) = and 
/jg(l A ||x||b) i^idx) < oo (see [H [2]). 

Let (T : B — 7- B be a bounded linear operator and let {A, &{A)) be a linear operator on B 
generating a Cq semigroup {Ts)s>q- Consider the following linear SDE on B: 

(L2) dXt = AXtdt + adLf 

For any x G B, the solution with initial data x is 

(1.3) Xf = TtX+ [ Tt.sCrdL,, t > 0. 

^0 



2 



See [U [121 E 12] for the detailed construction of this solution. Let =^;,(B) be the class of all 
bounded measurable functions on B. We aim to investigate the coupling property and the 
strong Feller property for the associated Markov semigroup 

PJ{x) := Ef{X^), t > 0,x e B,/ e ^.{M). 

Recall that the solution has successful coupling if and only if (cf. [101 E]) 

lim ||Pf(x, ■) - Pt{y, ■)\\yar = 0, x,?/ G B, 

where Pt{x,dy) is the transition kernel of Pt and || ■ \\^ar is the total variation norm. Let po 
be a non-trivial non-negative measurable function on B such that 

(1.4) u{dz) > Pq{z) /i(d2) =: VQ{dz) 

holds. Thus, the Levy process considered here is essentially different from the cylindrical 
a-stable process used in [151 [13]. Indeed, for B being a Hilbert space with ONB {ej}j>i, the 
Levy measure (if exists) for a cylindrical Levy process is supported on Ui>i]Rei and hence, 
is singular w.r.t. e.g. a non-trivial Gaussian probability measure /i. Assume 

(A) Ker((T) = {0} and T,B C ctH holds for any s > 0. 

Obviously, (A) implies that for any s > 0, the operator a^^Ts : B — t- HI is well defined. 
Theorem 1.1. Assume (A). Suppose that uq in (11.41) is infinite; i.e. uqIM) = oo. 

(1) If for any h eM 

(1.5) sup (pshi- + £h) < oo, fi-a.e., 

£6(0,1) 

then for any f G =^^^,(B) andt > 0, Ptf is directionally continuous; i.e. \\m^^QPtf{x + 
ey) = Ptf{x) holds for any x, ?/ G B. 

(2) If for any s > 

(1.6) sup Lp^-iT,y{- + cr~''^Tsy) < oo, fi-a.e., 

\\y\\M<i 

then Pt IS strong Feller for t > 0; i.e. Pt^b{^) C Cfe(B). 

A simple example for i^o(B) = oo to hold is as follows. Let z — >■ \\z\\m have a strictly 
positive distribution density function p under the probability measure /x, for instance it is 
the case when /i is the Wiener measure (see Subsection 5.1 below). Let tq G (0, oo], and let 
a G (0, 2) when B is a Hilbert space and a G (0, 1) otherwise. Then 



is a Levy measure on IB with z/o(IB) = oo. This measure is an infinite- dimensional version of 
the ct-stable jump measure. Modifying arguments from [22l Theorem 3.1] and [HI Theorem 
1.1] where the couphng property has been investigated in the finite-dimension setting, we 
have the following two assertions on the coupling property with estimates on the convergence 
rate. For r > and z ^M, let B{z, r) = {y eM : \\z — |/||b < r} be the open ball at z with 
radius r. 

Theorem 1.2. Assume (A). Suppose thatuQ in fll.4p is finite; i.e. i^oi^) < oo? is invertihle 
with IIct^^IIb < oo, and ||Ts||b < c holds for some constant c > and all s > 0. 

(i) // there exist Zq eM and > such that 

(1.7) 01(5) := sup / J— — ii[az) < 00, e > 0, 

s>e,\\x\\M<lJB{zo,ro) Po(^) 

then there exists a constant C > such that 



(1.8) \\Pt{x,-)-Pt{x + yr)\\var<C{l + \\y\\M) inf fe+W^flY t>0,x,ye 

ee(o,i) V \ t J 

holds. 

(ii) // there exist zq eM and tq > such that 

(1.9) 62(6) := sup / Va-^rA^f V 1 ^^^^^ ^ ^ ^ 

s>e,\\x\\B<lJB{zo,ro) Poi^J 

then there exist two constants C > such that for all x,y eM and t > 0, 



(1.10) \\P,{x, ■) - Pt{y, <C{l + \\x- y\\n) mi^l^e + ^ . 

Using po A 1 in place of po, one may replace (11. 7p by 

5i{e):= sup / ^^f^^^^ fiidz) < 00, e>0. 

s>e,\\x\\E<lJB{zo,ro) lApo(^) 

If miz£B(xo,ro) Po{z) > 0, then this condition and (11. 9p are equivalent. But in general (11.71) 
and (II. 9p are incomparable. Next, it is easy to see that the convergence rate implied by (11.81) 
or (1 1.1 op is in general slower than Our next result shows that if (p and po are regular 
enough, the convergence could be exponentially fast. 

Theorem 1.3. Assume (A). Suppose that vq in (ll.4p is finite with Aq := Vo^fi) G (0, 00), 
IIXsIIb < ce~'^^ and 

(1.11) / f|po(^)-po(^ + /^)|+Po(^)|<^/.(^)-l|)Md^) <c||/i||H, \\h\W<l 



holds for some constants c, A > and all s > 0. If 

(1.12) sup- 3— / e~'^°'"f sup sup ||(T~"^Ts2;||e^ dr < 00, 

t>l 1 - e Jo ^\\zU<l s>r / 

then there exists a constant C > such that 

(1.13) \\Pt{x,-)-Pt{y,-)\\var<C{l + \\x-y\\M)e-^, x,yeM,t>0. 

Following the line of [231 Section 3], one may also naturally investigate gradient estimates 
and derivative formula for Pt. It is not difficult to present a formal result under a condition 
similar to [23l (3.1)], for instance: 

Proposition 1.4. Assume that {/i G H : supggjQ;^] ||cr~^Ts/i||H < 00} is dense in B. // there 
exists a non-negative function g on M such that i^o({fi' > 0}) = 00, pog is bounded and 
Lipschitz continuous in \\ ■ ||e, and 



q{t) := sup I f 1 + r e-*-o(i— dr 

||/i||H6(o,il I ^ \\h\\m ' Jg 



,^ l|/i||H6(0,l 



^{\g-g{--h)\) 



00 



re 



-t..o(i-cxp[~rg]) dr I < 00, t > 



then there exists a constant Ci > such that 

\VyPtf{x)\ : = limsup -|Pt/(x + ey) - Ptf{x) 



< Ci||/||oog(t) 



[ \\(r-^Tsy\\mds, f e ^b(M),t > 0,x,y eM. 
Jo 

Suppose moreover that \\Ts\\m < ce"^" for some constants c, A > and all s > 0. Then 

\\Pt{x, ■) - Pt{y, Oll.ar < C2(l + ||x - y\W)e-^\ x,yeM,t>0 
holds for some constant C2 > 0. 

Unfortunately, in the moment we do not have any non-trivial example in infinite dimen- 
sions to illustrate condition (I1.14p . Indeed, it seems that in infinite dimensions the uniform 
norm of the gradient of Pt 

llVP^Iloo := sup{|V,PJ(x)| : IIi/IIb < 1,x G B, \\f\U < 1} 

is most likely infinite for any t > 0. The intuition is that comparing with a cylindrical 
noise given in [131 Assumption 2.2], which is strong enough along single directions so that 
the noise might not take values in B, our non-cylindrical Levy process seems too weak to 
imply a bounded gradient estimate of Pt. Nevertheless, we are able to estimate the uniform 
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gradient of a modified version of Pt (cf. Proposition 14.11 below), which imphes the desired 
exponential convergence in fll.lSp . 

We remark that the derivative formula and gradient estimate are investigated in [20l [27] 
for SDEs on driven by Levy noises, where in |20] the process may contain a diffusion 
part but extensions of the main results to infinite dimensions are not yet available, while in 
[27] the main result was also extended to a class of semi-linear SPDEs driven by cylindrical 
a-stable processes. Both papers are quite different from the present one, where we aim to 
describe regularity properties of the semigroup merely using the Levy measure of the noise. 

We will prove Theorems 11.11 (also Proposition II. 4p . 11.21 and 11.31 in the following three sec- 
tions respectively. In Section 5 we present two specific examples, with /i the Wiener measure 
on a Brownian path space and the Gaussian measure on an Hilbert space respectively, to 
illustrated these results. 



2 Proofs of Theorem 11.11 and Proposition 11.4 



The key technique of the study is the coupling by change of measure. For readers' conve- 
nience, let us briefly recall the main idea of the argument. To investigate e.g. the continuity 
of Ptf along ?/ G B, for any x G B we construct a family of processes {X.'^jegp,!) and the 
associated probability densities {Re}e^[Q,i) such that 

(1) X'^ = x + ey, Xt = Xl e G [0, 1), t > 0; 

(2) Under the probability -RgP, the process is associated to the transition semigroup 

(-fs)s>o; 

(3) lim^^o^e = i?o = 1 holds in ^^(P). 

Then, for any bounded measurable function / and t > 0, 

\imPtf{x + ey) = \imE[RJ{X[)] = limE[i?,/(X°)] = E[i?o/(X°)] = PJ{x). 

To realize this idea in the present setting, the following Lemma [2.11 will play a crucial role. 

For fixed t > 0, let A be the distribution of L := {Ls)s&[o,t] which is a probability measure 
on the paths pace 

Wt = {w : [0,t] — B is right-continuous having left limits} 

equipped with the Skorokhod metric. For any w EWt, let 

w{dz,ds):= S{Aw,,s), 

se[0,t],Au;s^O 
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which records jumps of the path w, where Aws = Ws — Ws-- Let 

wig) = g{z,s)w{dz,ds) = ^ g{Aws,s), g e L\w). 



A function g onM will be also regarded as a function on B x [0, t] by letting g{z, s) = g{z) 
for {z,s) e B X [0,t]. 

Moreover, write L = + where and L° are two independent Levy processes with 
Levy measure u — uq and uq respectively, and L° does not have a Gaussian term. Let and 
A° be the distributions of and L° respectively. We have A = A^ * A°. 

Repeating the proof of [231 Lemma 2.1] where B = R'^, we have the following result. 

Lemma 2.1. For any h G L'^{Wt x B x [0,t]; A° x z/q x ds), 

h{w, z, s) A^{dw) h'o{dz) ds 



(2.1) 



Wtxmx[o,t] 

A^{dw) / h{w — zl[s,t], s) w{dz,ds). 

Wt Jv,x[0,t] 



To prove Theorem II. H we also need the following two more lemmas. 

Lemma 2.2. Let y G B such that a^^T^y G EI for any s > 0, and let g be a non-negative 
measurable function on B such that UQ^g) := J^gduQ < oo and w{g) > for A^-a.e. w. Let 

w{g) + g{z - ea-^Tsy) 

If (II -SI) holds for any h G H, then {^s}e£[o,i) is uniformly integrable w.r.t. A^ x fi x ds on 
WtxMx [0,t]. 

Proof. Since Lfo = 1, applying (12.11) to /i(w, 2, s) = ^jX obtain 



/ 



w{g) 

^o{w, z, s) A°(dw) ii{dz) ds 



WtxBx[0,t] 

"'^^ A'^{dw)uo{dz)ds 



(2.2) JwtxMxio,t]w{g) + g{z 

A°(di/;) / ^w{dz,ds) 

= 1. 

Next, by (11.11) and the integral transform z t-^ z — ecr'^Tgy, for any F G ^b{Wt x B x [0, t]) 
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we have 



/ F{w,z + ea ^TsV, s)^o{w, z, s) A^{dw) fi{dz) ds 

JwtxMxlO.t] 



(2.3) 



'WtxMx[0,t] 

i 

'WtxMx[Q,t\ 
f 

WtxMx[0,t] 



F{w, z, z, s) A°(dw) jjiidz) ds. 



Letting F = \ and combining this with fl2.2p . we conclude that {^gjegjo^i) are probabihty 
densities w.r.t. A" x x ds. Moreover, applying (12. 3p to F{w, z, s) = 1{$^>_r} for i? > and 
letting 

r]{w,z,s}= sup , , — --ip,^-iT,y{z + ea TsV) 
e&{o,i) w[g) + g[z) 

which is finite A° x /i x ds-a.e., we obtain 

sup / ($el{$^>i?})(u;,z, s) A°(du7)/i(dz)ds 

ee(0,l) JWtxV>x[0,t] 

< / {^ol{v>R})iw,z,s)A\dw)n{dz)ds 

JWtxMx[0,t] 



which goes to zero as i? — oo by the dominated convergence theorem. 



□ 



Lemma 2.3. Let E be a topology space and Cb{E) be the class of all bounded continuous 
functions on B. Let /io be a finite measure on the Borel a-field such that Cb{E) is dense 
in L^{fiQ). Let {/„}n>i be a sequence of uniformly integrable functions w.r.t. /iq such that 



hm / (F/„)d/io= / (F/o)d/io 



holds for some /q G L^(/io) and all F G Cb{E). Then it holds also for any F G ^f,{E). 

Proof. Let e{R) = sup„>;^ /io(|/„ — /o|l{|/„-/o|>if.}) which goes to zero as i? — oo. For any 
F G ^b{E), let {Fm}m>i C ^(E) such that < ||F||oo and /io(|F„ - F\) < i-. Then 



/ F(/„-/o)d/ic 
Je 



< 



< 



< 



FUn - /o)l{|/„-/o|<i?,} d/io 



/ Fm{fn - /o)l{|/„-/o|<-R} d/io 
JE 



Fmifn - /o)d/io 



2\\F\\^e{R) + -. 



\F\\ooeiR) 

\\F\\^e{R) + - 
m 

R 



m 



By first letting n — > oo then m — > oo and finally i? — > oo, we complete the proof. 



□ 
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Proof of Theorem\r^ (1) Let / G e^{,(B) and x, ?/ G B be fixed. For any 5 > 0, let 

F,{w) = f (rtix + ^y) + Tt.s(T dws^ , 

where fl^Tt-sCr dwg is the Ito stochastic integral which is A-a.e. well-defined. Let e.g. g = 
We have I'o^g) < oo and, since i^o(B) = oo and g > 0, w{g) > for A°-a.e. w. Then, 
by (11. 3p and Lemma [2.11 for 

h{w^, z, s) 



Fo{w' +w'> + {z + ea"'Tsy)l[s,t])g{^ 



w''{g) + g{z) 



we obtain 

Ptf{x + ey) 



w? 



A\dw')A%dw') I EE^^^^^^^fM^nj%dz,ds) 

w^{g) 



w. 



A (dw ] A [dw ) / T— — w (dz,ds) 

w^{g) 



A [dw )A^(dw;^) / r-— — ^- — uo{dz)ds 



A(d^)A(d^)y^ + 



Since ea ^Tgi/ G H so that (11.11) implies 

li{dz - ea'^TsV) = ipea-^Tsy{z) /i(d2;), 
by using the integral transform z 'r^ z — ea'^Tgy and noting that A = A^ * A*^, we obtain 
Ptfix + ey) 

f x(A \ f Fo{w + zli,^t^){pog){z - ea-^Tsy) 
(2-4) Jwt Jnxm W^ig) + 9{z - ea ^Tsy) 

A\dw^) I Fq{w^ + w'^ + zl^s,t])^e{w\z,s)A\dw^)^i{dz)ds. 

Wt ivKtxBx[0,t] 

Therefore, it suffices to show that 
lim I {F^,){w,z,s)A\dw)^i{dz)ds= I (F$o)(w;, ^, s) A°(dii') /i(dz) ds 

ivytxBx[0,t] ivFtxBx[0,t] 

holds for any F G ^biWt x B x [0,t]). According to O, this holds provided F G C},{Wt x 
B X [0, t\). Since the Borel cr-field on the Polish space x B x [0, t] is induced by bounded 
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continuous functions, Cb(Wt x B x [0,t]) is dense in L^(A° x /i x ds). Thus, the desired 
assertion follows from Lemmas 12.21 and 12.31 

(2) For any sequence {Vn} C B converging to as — )■ oo, define 



w{g) + g{z - a-^TsVu) 



n > 1. 



Using a'^TsUn to replace eh in the proof of Lemma 12.21 we see that (11. 6p implies that 
{^n}n>i is uniformly integrable w.r.t. A° x /i x ds on x B x [0,t]. Therefore, using 
a'^TsUn to replace eh in the proof of (1), we obtain lim„^oo -Pt/(a; + Vn) = Ptf{x) for any 
/ e =^b(B),t > and X e B. □ 



Proof of Proposition lL4\ Since {/i 6 EI : sup^gjo,!] II^~^^s^I|h < oo} is dense in B, it suffices 
to prove for y G HI such that ||o"~^Ts|/||h < 1 for s G [0,1]. Since the boundedness of pog 
implies I'oig) < oo and h'odg > 0}) = oo implies w{g) > 0, A°-a.e., (12. 4p holds true. By (12. 4p 
and (I1.14P we have 



\Ptf{x + ey)-PJix) 



(2.5) 



< 



WtxBx[0,t] 



Since pQg is bounded and Lipschitz continuous in 
that 



$e(w, Z, s) — $o(^) s)\ k^{dw) ii{dz) ds, e > 0. 

lie, there exists a constant Ci > such 



\^eiw,z,s) - $o(w, 2;, s) 



(2.6) 



< 



< 



We<T-^T,y{z) 

w{g) 

Wea-^T,y{.z) 



ipog)iz - ea ^TsV) 



ipog){z) 



w{g) + g{z - ea-^Tsv) w{g) + g{z) 
ciWea-'^T^yWu , ci\g{z - e(r~^Tsy) - g{z 



w{g) w{gy 
Moreover, according to [231 Lemma 2.2] with B in place of W^, for any ^ > 0, we have 

A%dw) 1 



Wt 



Combining this with (12. 5 p and (12. 6 p and letting e — t- 0, we obtain the desired gradient 
estimate. According to the proof of Theorem 11.31 in Section 4 with P^ replaced by P^, this 
along with the assumption on Tt implies the second assertion. □ 



3 Proof of Theorem 11.2 

By the triangle inequality for || • \\vari it suffices to prove both assertions for small enough 

\\y\W 
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3.1 Case (i) 

Nil 



Let WhHm < i^c\L-\\b ' "which implies that 



(3.1) ||a-iT,y||B + |b||B<lA^, se [0,t]. 

Moreover, since ||-P4(x, •) — Pt{x + y, ■)\\var < 2 holds for all x,y eM and t > 0, we only have 
to prove the desired inequality for large t > 0. From now on, let us assume t >2 and (13. ip . 

Now, let t > 2 and x,y eM such that (13. ip holds. Since T^cr is bounded in B uniformly 
in s, for any 2; G B, 

J'^iw) ■.= TtZ + / Tt_sadws 



is A-a.e. (also A^-a.e. and A'^-a.e.) defined. Moreover, due to (11. 3p and L = L} + L^, 
(3.2) = r{L) = r{L^ + L^), 2GB,t>0. 

Next, let 

Ti{w) = inf{s > : Awg 7^ 0}, Ti^i{w) = mf{s > Ti{w) : Awg 7^ 0}, i > 1. 

Since Aq = MM) G (0, 00), we have P(ri(L°) > s) = e"^"" G (0, 1) for s > 0, and ri(L°) t 00 
as z t 00. Moreover, let 

Ns{w) = #{z > 1 : ri(w;) < s}, s > 0. 
Then {A^s(L°)}sg[o^(] is a Poisson process with parameter Aq. Similarly, let 

fi{w) = inf{s > 1 : Awg 7^ 0}, fi^i{w) = inf{s > fi{w) : Aw^ 7^ 0}, i > I 

and 

iV,(u;) = Ns+i{w)-N,{w) = #{i > 1 : < s+1} = #{i > 1 : 1< r, < s+1}, s G [0,t-l]. 

Then {Ns{L^)}selo,t~i] is a Poisson process with parameter Aq, which is independent of 
{ri(LO) >e} = {iV^(LO) = 0} for e G (0, 1). Finally, let 

We have 

JVt_i{«i) 



JBx[l,t] -^-^ 

r pq{z + a^^T y) Nt-x{w) ^ 

/ ^ ^ {^B{zo~<r~^Tsy:-^)^-<r-^Tsy){z)w{dz,ds) = ^ fiH 

JBx[l,i] Po[Z) ^ 
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where we set Y^^=i = by convention. From now on, we will simply denote 

Ti = r,{L°), = f,(LO), e^ = UL'), = iV,(LO), = iV,(L°). 

To characterize the coupling property of the solution, we first prove the following relation 
formula for and Xf"*"^. 

Lemma 3.1. For any f G ^b(B) and e G (0, 1), 

f Nt-r . . Nt-i . 

i=i ^ ^ i=i J 

Proof. Since e G (0, 1), {ti{w) > e} = {ti{w + 2l[s,t]) > s} holds for s G and 2; G B. 
Moreover, by the definition of we have 

r{w^ + w°) + Tt^s<yz = r{w^ + w^ + zi^sa)- 

By Lemma 12.11 for 

h{w^,z,s) = /(J^(m;\+m;°) +T(_,a2;)l|^^>,|xB(^o,?)x[M](^^2;,s) 
with fixed and using (13. 3p . we obtain 

JB{zo,^)x[l,t] 



l{n>4K)/(^"(«^' + «^°))A'(dif;^)A°(di/;°) / w;°(dz,ds). 
Combining this with (13. 2 p and the first equation in (13. 3p we arrive at 



(3.4) 



A^(dw^)A°(dM;°) / f{r{w^ + w'^)+Tt^s(rz)l{r,>e}{w'^)Mdz)ds 

Wi JB{zo,^)x[l,t] 



1=1 ^ 



On the other hand, noting that 

r{w' + w') + Z^sCTz = r+y{w' + + (^ _ a-^Tsy)l[s,t]), 
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by Lemma 12.11 and the integral transform z ^ z ^ o ^TsU, we obtain 

J B{zoJ-§-)x[l,t] 



Wi JB{zo,^)x[l,t] 

X l{r^y^}{w° + {z - cT~^Tsy}l[s,t]) lyoidz) ds 
A\dw') A^dw"^) I ds f /(j-+i/(^i + ^o^^^j^ ^j)) 

J[l,t] JB{zo~cT-^Tsy,^) 

X l{ri>4(w +Zl[,^t]) -J^^ ^-a~^Tsy{z) M'^Z) 

Wi JBx[l,f] Po[z) 

X {^B{zo-a~^Tsyr-§-)V-a-^ny){z) U'°(dz, ds). 

Combining this with fl3.2p and the second equation in (13. Sp . we conclude that 

A\dw') A°(dti;°) / f{r{w' + w') + T4_,az)l|,,>4(u;0) uoidz) ds 

Wi JB{zo,^)x[l,t] 



The desired formula follows from this and (13. 4p . □ 
Lemma 3.2. Given N, {C,i} and {^i} are two conditionally i.i.d. sequences with 



MB{zo,f)) 



Ao 
and 

EK.|iV)^ '-°'^''°-^» , E(e|iV)<M^, .>1. 

Proof. Since {AL?,} are i.i.d. and independent of with common distribution ^t'O) cind 

since is determined by N, it is clear that both {^i} and are conditionally i.i.d. 
sequences given A^. Moreover, we have 



Ao 
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Noting that iyo{dz) = po{z) fi{dz) and fi{dz + h) = ip^h{z) fi{dz), we have 



m\N) = T- 



J B{zo-a~^Tf^y,^) 



po{z + a ^Tf^y) 



JBizo-a-iTf^y,r^) 



1 



An 



Po{z)p{dz) 



Moreover, since ||cr ^Tf.y\\]s, < 1 A ^ ^^d > ri, we obtain 



Ar 



po{z + a ^Tf.yf 



JB(^o_a-iT^^s/,^) 



V-a~^Tf.y{zf ^dz) 



< 



Po{z + a ^Tf^yfif_^-iTfJz) 



< 



Ao JB{zo,ro) 

Ao 



■p{dz) 



This completes the proof. 



□ 



Proof of Theorem M.^ (i). As explained in the beginning of this section, we assume that 
t > 2 and let y satisfy (O). By Lemma O and fi > n, for any / G with ||/||oo < 1 

we have 



(3.5) 



^{f{Xt)-f{Xr'))Mr.>e}\ 
1 



< E 



Nt. 



1 



z.o(fi(^o,f))(t-i) tr 



Nt. 



1 - 



z.o(i?(^o,f))(t-i) tr 



Noting that ri is determined by A^, we obtain from Lemma [3.21 that 



E< l{n>e} 



Nt. 



u,{B{zo/-i))it-l) ^ 



/ ES=^iE(a,|iv) 2E.-'r^Efe|iv) 
Uo(i?(^o, f)m - 1)' ^^0(5(^0, f - 1) 



+ 



\l{t-lf ' \oMB{zo/f)nt - Ao(t-l) 



jy,{B{zo/-i)nt-iy 
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Similarly and even simpler, we have 

1 



Nt-i s 2 



E 1 - 



< 



Combining these with (13 .Sp and noting that t — 1 > 1, we arrive at 



E(/(xf)-/(xr^))i 



{ri>s} 



< 



1 ^ 



Vi 



for some constant Ci > independent of t,x,y and e G (0,1). Therefore, there exists a 
constant C > independent of t, x, y and e G (0, 1) such that for ||/||oo < 1, 



\PJ{x) - PJ{x + y)\ < ^'^^ + E 



(/(xr)-/(xr^))i 



{Ti<e} 



< ^ ' + 2P(ri < e) 



2(1 -e 



This completes the proof. 
3.2 Case (ii) 

For every ?7 > 0, define i^^ on B as follows: 



□ 



if u(M) < oo; 
iy{A\{z : ||z||b < r/}), if i^(B) = oo. 



where A G Then i/^ is a finite measure on (B, ^). Recall that for any two finite measures 
TTi and 712 on (B, tti A Ti2 '■= vti — (vti — 712)"'", where (vti — 112)'^ refers to the Jordan-Hahn 
decomposition of the signed measure tti — tt2. In particular, tti A 7r2 = 7r2 A tti , and 

(tti a 7r2)(B) = ^(7ri(B) + 7r2(B) - - 7r2||„„,)- 
The following is an extension of the main result in [18] to the infinite-dimensional setting. 



Theorem 3.3. Let Xt be the process determined by (11.21) . Assume that a is invertible, and 
that there exist rj, g > such that 



(3.6) 



7(77, Q,e) := inf {ur, A {S^-it,x * '^r,)}(B) > 
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holds for any e > 0. Then there exists a constant C > such that for all x, y G IB and t > 0, 

(3.7) \\Pt{x,-)-Pt{x + y,-)\U<C{l + \\y\\M) inf (e + ^=L==]. 

^6(0,1) V ^7{v, Q,e)tJ 

We postpone the proof to the end of this subsection and present the proof of Theorem 
0(ii). 

Proof of Theorem \l.^ (ii). Without loss of generahty, we assume that ^ B{zo,rQ). Oth- 
erwise, we may take z'^ G B{zo,rQ) and Tq > such that ^ B{z'Q,rQ) C B{zo,rQ), and 
use B^Zq^Vq) to replace B{zQ,rQ). Moreover, we take g G (0,1) small enough such that 
\\(T^^Ttx\\ < 1 A 21 holds for all ||x||b < ^ and t > 0. 

By (11 ■4p . (II. ip and the Cauchy-Schwarz inequality, for any t > e and 77 G (0, 

inf {u^A{6„-iT,^*Ur,)}{M) 

Po{z) A {poiz - a~^Ttx)(p„-iTtx{z)) ) fJ^idz) 



> inf 



> inf 

t>s,\\x\\n<(> 



.t>eM\B<(>JB(xo,^-§-) Poiz) A {po{z - a ^TtX)(pa-iTtx{z)) 
Since the measure fi has full support. 



^a-^Ttx[Z) 



fj.{dz — a ^Ttx) 



fi{dz) 



inf 

t>e,\\x\\B<i}JB(xo,^) 



inf 

t>e,\\x\\ji<g JB{xo,r^) 



> 



S(xo,^) 



/i(dz) > 0. 

On the other hand, by (11.91) . for any t > e, 



t>eM\B<e J BixQ^-^) Po{z) A {pq{z - a ^Ttx)(p^-iT,x{z)) 



Pidz) 



< sup 

t>£,\\x\\M<(> 

< sup 

t>e,\\x\\^<g 

< sup 

t>S,\\x\\^<Q 



^a-mx{z) 



lJB(xo,^) 



IJB(xo:-^) 



B{x,,:-S.) 



Poiz) 

^a'^Ttxjz) 

Poiz) 

^a-^Ttxjz) 

Poiz) 



fiidz) 



fiidz) 



pidz) + 



Va-^Ttx[Z) 

B{xoJ-i) Poiz - a^^Ttx) 



fiidz) 



B[xo, 



fiidz — a ^Tfx) 
I) Poiz - a'-^Ttx) 



Bixo,ro) 



Poiz] 



■fiidz) 



< 00. 
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The required assertion f ll.lOp follows from the conclusions above and (13. 7p . □ 

Proof of Theore'm \3.3[ As indicated in the proof of Theorem 11.21 (i), we only have to prove 
the result for — y||B < Q and t > 1. To this end, we modify the argument from the proof 
of [m Theorem 1.1]. For any ?7 > 0, let be a compound Poisson process on B with Levy 
measure u^j such that and L — are independent Levy processes. Then the random 
variables ^ 

Xr:=TtX+ [ Tt^scrdi: 

and 







Jo 

are independent. Denote by firi,t the law of random variable 



Jo 

Construct a sequence {tj} of i.i.d. random variables which are exponentially distributed with 
intensity Crf = ^'r;(B), and introduce a further sequence {Ui} of i.i.d. random variables on 
B with law = Vn/Cn- We will assume that the random variables {Ui} are independent 
of the sequence {t-i}. Then, according to [21 Examples, Section 2], = X]i=i ^« every 
t > 0, where Nt := sup{A; : XliLi ^ 0; X]ie0 ^ convention, is a Poisson process 
of intensity C,;. Therefore, the random variable 

oo 

(3.8) l{ri<t} ^ l{7Vt=fe} [Tt^r^aUi H h Tf_ 

(ri H h-Tfc ) 

fc=l 

has the probability distribution ^r),t- 

Let Pt(x, ■) and Pt be the transition kernel and the transition semigroup of the Ornstein- 
Uhlenbeck process X^ . Similarly, we denote by Pt{x, ■) and Pj^ the transition kernel and the 
transition semigroup of X^'^ , and by Qt{x, •) and the transition kernel and the transition 
semigroup of X^ — X^'^. By the independence of the processes X^'^ and X^ — X^'^, we get 

\\Pt{x,-)-Pt{yr)\\var= sup \Ptf{x)-Ptf{y)\ 

ll/l|oo<l 



sup \Pj'QU{x)-P^Q1f{y)\ 



(3.9) 



< sup |PXx)-PXi/)| 



.<1 



sup 

ll?»lloo<l 



E{h{xn)-HHxn) 

Following the argument leading to [TSl (2.11)], we may write 

= / f{TtX + z) /i,,i(dz) = f{Zx) e-^"* + Hf{x), f ^ 
Jm 
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for 



where 



oo « « 

Hf{x) = J2 C;+ie-^''(*^+-+*'=+^) dh ■ ■ -dtfc+i / f{Ttx + z) fit,,- ,t,{d^ 

k=l ^t,k •^'B> 



k+1 



It,k := {{tu--- ,4,4+1) G (0,00)^+1 : J2^i<t<J2t^}, 

i=l 1=1 



Jti,...,tdyu---^yk) := Tj„j^cr?/i H h Tt-(ti+-+tk)(^yk, yi,--- G b. 

Then, for any t > 1 and e E (0, 1), 



sup 

fe|loo<l 



< sup 

l!^lloo<l 



00 „ 

< 2P(ri <e) + 2e"^''* + ^ 

k=l 



sup 

ll'»j|oo<l 



E({h{xr)-Kxr))i 



{ri>e} 



k+l 



n{(0,oo)'=+i:ti>e} 



X sup 

\\h\\oo<l 



(3.10) 



/ h{TtX + z) fit,,- ,tk{dz) - / h{Tty + z) jjLt^^... ^tt,{dz 



00 „ 

2(1 - e"^"^) + 2e-^''* + ^ 

k=i 



^k+l^-C,[t,+-+t,+,) . . . ^^^^^ 



X sup 

ll/ilU<i 



fcn{(0,oo)fe+i:ti>£} 

/i(Tt(x-2/) + z)^t,,...,t,(d2) - / h{z) fit,,-,tMz) 



< 2Cr,e + 2e-^''* 



+ E 



1 ^/f,fcn{(0,oo)fc+i:ii>£} 



(-yfc+lg-C^(ti+-+tfe+i) 



\\^Tt{x-y) * fJ'ti,---,tk ~ f^ti,--- ,tk\\var dti ■ ■ ■ dtfc+i- 



To estimate \\STtix-y)*fJ'tu-,tk- f^ti,-,tk\\var for any ti > e and t > tiH htfc, we will use 

the Mineka and Lindvall- Rogers couplings for random walks as in [T71 [TS] . The remainder 
of this part is based on steps 4 and 5 in the proof of [T8l Theorem 1.1]. In order to ease 
notations, we set n := i/^ and := 5a* for any a G B. For any i > 1, let (t/j, At/j) G B x B 
be a pair of random variables with the following distribution 



P(([/„ At/,) e C X 



i(nAn-«')(C), 
l(nAn"0(C), 



li D = {ai}- 
li D = {-flj}; 
(n - i(n A n""' + n A n"0)(C), if ^ = {0}; 



where C & ai = a ^ T(j+...+t- (x — y) and D is any of the following three sets: {—tti}, {0} 
or {oj}. It follows that, cf. see [TTl Lemma 3.2], 

F{AU, = -a,) = ^(n A [6^, * n))(l) = ^(n A * n))(l) = P(Af/, = a,). 

It is clear that the distribution of Ui is n. Let U- = Ui + AUi. We claim that the distribution 
of fZ- is also n. Indeed, for any C G 

mi G c) 

= F{Ui - a, e C, AU, = -ai) + F{U, + a, G C, AU, = a^) + F{Ui G A, AU, = 0) 

= i * (n A n"0) (C) +^ * (n A n^^O) (n (n A n"'^' + n A n-^)j (C) 

= n(C), 

where we have used that 

6a, * {n A n^"-') = n A n"-' and (5_a, * (n A n"') = n A n"''\ 

Without loss of generality, we can assume that the pairs {Ui,U[) are independent for all 
i>l. Now we construct the coupling 

(k k 
^ Tt^(t^+...+ti)aUi) , ^ Tt_(fj+...+f^)0-f/i) 
j=l i=l / fc>i 

of 

. k 

iSk)k>i '■= ( y^yf-(ti+-+to^^i 

V / fc>i 

Since — Ui = AUi is either ±aj or 0, we know that 

\«=1 / k>l \i=l / fc>l 

is a random walk on B whose steps are independent and attain the values — Tj (x — y),0 and 
Tt{x — y) with probabilities \{1 — Pi), Pi and |(1 — Pi), respectively; the values of the pi are 
given by 



p. = (n - |(n A n"''' + n A n''^)) (B) = 1 - n A n""' 
Note that jiti,--,tk is the law of the random variable Y^'^^^Tt-(ti+-+ti)0'Ui. We get 
(3.11) \\6T,i.-y)*^^t,,■■■,t,-^it,,■■■,tJU < 2P(T^ > k), 
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where 



T^ = infO>l : S, = S[ + Z{x-y)}. 



From (13. 6 p we get that for all i > 1, ti > e, t > ti + - ■ and x,y eM with — i/||b < Q, 



(3.12) 



^(l-p,) = l(nA(5_„^*n))(B) 

> J inf n A {S^-it,z * n 

/ s>e,\\z\\M<s 



1 



2a 



7(?7, ^,5) > 0. 



We will now estimate ¥{T^ > k). Let Vi, i > 1, be independent symmetric random variables 
on B, whose distributions are given by 

1(1 -pi), a z = -Tt{x - y); 
nVi = z) = {m-Pi), if z = Tt{x-yy, 



Pi 



if z = 0. 



Set Zk := Ei=i ■^i- We have seen earlier that 

T^ = inf{A;>l : Zk = Tt{x-y)}. 

For any A; > 1, let 

K = K{k) ■=j^[i : i<k and Vi ^ O} 

and set Zk := Yl!i=i where denotes the Vj such that Vj ^ 0. Then, is a symmetric 
random walk on B with iid steps which are either — Tj(x — y) or Tt{x — y) with probability 
1/2. Define 

T^:=inf{A;>l : Zk = Tt{x-y)}. 

By (m, 



P(r^ > A;) = P > A;, K > -— 7(r/, f?, e) A; + P > A;, < -— 7(1/, f?, e)k 



2a 



ICr, 



(3.13) 



Pi 



1=1 



<p(T^>__^(^,^,^)fc] +p( ^_^(i_p^) >_^(i_p^ 



2=1 



i=l 



Note that k = K{k) = Yli=iCi^ where Q = l{Vi^o}, 1 < < ^5 are independent random 
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variables with ¥{Q = 0) = pi and F{Q = 1) = 1 — pi. Chebyshev's inequality shows that 

k ^ k 



^ 1=1 1=1 



< 



4:var{K) 



(3.14) 



< 



< 



(EIi(1 

4EliP.(l-P.) 

(EIi(1-P.))' 

4(l-C-M^,g,£))Eli(l-P. 

(eIi(i-p. 

4(1-C-M^,g,e)) 



For the second and the last inequalities we have used fl3.12p . On the other hand, by 
Lemma 2.3], 



P 



P 



max Z,,e*) <\\Ttix-y)\\j 



max WZiWn < \\Tt{x - y)\\i 



< 2P < 



I 2Cn J 



< mix-y)\U 



where in the first equality 6* is an element in the dual space E* of the Banach space E such 
that the duality {Tt{x,y),9*) = \\Tt{x — y)\\M, and in the second equality H^^Hb = {Zi,0*) for 
i > 1. From the construction above, we know that (||2'fc||B)fc>i is a symmetric random walk 
on M with iid steps with values ±||Tt(x — ?/)||b- Using the central limit theorem we find for 
sufficiently large values of A; > /cq and some constant Cq = Co(fco) > 1 



2a 



< 2P 



(3.15) 



< 



r 7(').g,E)fc i 

L 2Cr, 1 



< 



2Cr> 



-1/2 



< 



Cn 



7(Tj,g,£)fc 
2Cn 



-1/2 



< 



271 
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Combining (I3A3|) . (KWf and fl37[5|) gives for all x,y eM with ||x - ?/||b < ^, t > (ti + ■ ■ ■ + 

tfe) V 1, ti > e and k > ko that 

p/y5 ^ ,x ^ C'oy^ I 4(1 

According to the estimate above and (13.111) . we can find an integer ko and a constant Ci > 
such that 



1 



k>ko,ee (0,l),t > 1 



holds for all x, ?/ G B with ||a; — yWrn < Q and (ti, ■ ■ ■ , tk+i) G 1*,^ fl {(0, 00)'^+^ : ti > e}. 

Combining this with (13. 9p and (I3.10p . we obtain that for all x, y G B with — ?/||b < ^?, 
t > 1 and 5 > 0, 

\\Pt{x,-)-Ptiy,-)har 

< 2Crje + 2e-^''* + 2 ^ / C'J+^e^^''(*^+-+*'=+i) dti ■ ■ ■ dtk+i 
k=i -^^t'k 



00 



00 „ 

/ cJ+V^''(*^+-+*^+^)dti---dtfc+i 

tit V ^ Jh,k 



(3.16) ' 7(^,f?,^ 



+ , E 7 / c;+^e-^^(*^+-+*^+^) dti ■ ■ ■ d4+i 



( fcp f^kj-k \ 
fc=i ■ ^ 



holds for some constant C2 > depending only on and Ci. To finish the proof, let 

St := inf (e H , =] , 

et = sup|e>0: £:%(?7, ^,e) < -|, t > 1. 

Then it is easy to see that St, et i as t 00 and et > )- — Moreover, since 'j{ri,p,e) is 
increasing in e, for any e G (0,5*), 

e H - > lim — — > lim e' = et- 
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So, St > Et- Therefore, there exists a constant C3 > such that 

. , f -^ct 1 1 

mf e + e a'""* H + 



£>0 



< 5j + e-^^"* + < 5, + + < 5j + e"^ + 5l < Csdt, t > 1. 
Combining this with f l3.16p we complete the proof. □ 



4 Proof of Theorem 11.3 



Let L^,L^, A^,A^ be in Section 3.1. In particular, is a compound Poisson process with 
jump measure uq. Then can be formulated as 

1=0 

where Nt := #{s G [0,t] : AL° ^ 0}, = AL° for the z-th jump time of L°. It is 
well-known that N, {C,i} are independent, is the Poisson process with parameter Aq, and 
{^i} have common distribution j^J^o- To derive exponential convergence of Pt in the total 
variational norm, we make use of the decomposition 

,4 Ptfix) = E(l|;v.=o}/(Xr)) + Pi fix), 

P//(x)=E(l|^.,>i}/(Xf)), /ei^,(B),t>0,xeB. 

Since when t — )■ 00, E(l{iVt=o}/(^f )) decays exponentially fast, it suffices to prove the ex- 
ponential convergence of P/. To this end, we first consider the gradient estimate of P/. 

Proposition 4.1. Assume (A), (11. lip and 

Tt := r— / e~'^°^ ( sup sup ||cr~"'^Ts2;||e^ dr < 00, t > 0. 

l-e-^»*io ^|U||B<l^>r- ^ 



Then there exists a constant c > such that 

l|VP,Vlloo<cri||/|U, t>o,/G=^ 

Proof. The proof is modified from that of |211 Theorem 3.1]. Since Us>o7'sIB is dense in B, it 
suffices to find out a constant c > such that for any sq > and Zq G T^qB with ||zo||b < 1, 
one has 

(4.2) |V,oP,V(a;)| <cr,||/|U, x G B, / G , 
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To prove this inequality, we first establish a formula for P/ as in [211 (3-8)] where a = / is 
considered. Recall that for a random variable t) on B x [0,t) such that the distribution 
of (LO,e,r) is 

g{w, z, s)A^{dw)i'o{dz)ds, 

Corollary 2.3] implies that 



(4.3) E{(Fl|^>o})(^°)} = E^^^i^(L° + 
holds for positive measurable function F on Wt, where 

(4.4) U{w):= 9{w - Awsl[s,t],^Ws,s). 

Now, let (^,t) be independent of (L^,L°) with distribution ^l[o,t](s)z/o(d2;)ds. We have 
g{w, z, s) = ^l[o,j](s), so that 

Therefore, letting Yt = T^^^adL^ which is independent of (L°,^,r), combining fll.3p with 
(14. 3 p we obtain 

P.'fix + ezo) = + Tt{x + ez^) + ^ Ti_,adL°^ l{7v,>i}| 

^^■^^ _ , ^^(f{Yt + Zx + j;^Z_M{L' + {^ + sa-'T^zo)lir,t]}J 

- ^'^^\ n;ti 

On the other hand, it is easy to see from 01. ip that the distribution of (L°, ^ + ea~^TrZo, r) 



IS 



■ — - J\ [&w) UQ^az) as =: g[w, z, s) J\ [&w) UQ^az) as. 

According to we have {U{L^) > 0} = {Nt > 1} and 

So, applying (14. 3 p to FU in place of F, we obtain 

E{(Ff/)(LO)l|;v.>i}} = E{{Fl{u>o}){L' + ({ + 6a-'T^Zo)l[^,t]} ■ 
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Taking nt{w) = J2s<t ^{Vws^o} such that A''^ = nt{LP), and letting 

f{Yt + TtX + j^^^^,^^Tt.s<yzw{dz,ds)) 
F{w) = lin.M>i}, 



we arrive at 

fJ /•( 4- T.T. A- I 



E 



Combining this with fl4.5p and noting that = Yt + TtX + J^Tt^gadL^^ due to fll.3p . we 
obtain 

Pin. + «„) = E[f(xf)h^ g ^"'"''"'^'p„t)""''''"'°' }- 

Therefore, 

\Plf(x + ezo)-P,'f{x)\ 



(4-6) - ^1^^^* )li-'^^iiV^ 1. / 



i=l 

Nt 



^ II ^ il oo 



for any e > 0. Since zq G T^qB, there exists zi such that 2o = Tg^zi. So, fll.l2p yields 

c{zo) := sup ||o-"^TsZo||e < IkilU sup sup ||cr"^T^z||e < oo. 
s>o ||^||b<i ^^•'o 

This implies 

||£:cr~^r^^2;o||H < £c{zo) < 1 
for small enough e > 0. Therefore, it follows from fll.ip and fll.lip that 

/ \Vea-^Tr^zo{z)po{z - ea~^Tr^zo) - po{z)\ fi{dz) 
Jn 

< / \po{z - ea-'^Tr^zo) - po{z)\ip^^-iT^_^^{z) fi{dz) + / po{z)\ip^^-iT^_^^{z) - l\ p{dz) 



\poiz) - poiz + ea ^Tr^zo)\ p{dz) + / po{z)\ip,^-iT,^^g{z) - l\ p{dz) 
< c||ecr"^T^^2;o||H < ecsup Hct'^T^ZoIIh 

S>Tl 
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holds for small enough 5 > and some constant c > 0. Combining this with (14 .Gp and using 
t that the conditional distribul 

Plf{x + ezo)-Plfix)\ ^ c\ 



the fact that the conditional distribution of ri under A'^j > 1 is ds, we obtain 



2l4^/«-^"'(fPll--'^.=»ll»)*<^r, 



(4,7) 



e 

for small enough e > 0. Then (14. 2p follows by letting e — 0. □ 

Proof of Theorem \1.3[ By (14. ip and Proposition 14.11 we have 

\PJ{x) - PJ{y)\ < 2||/|Ue-^°* + \Plf{x) - Plf{y)\ 
<2||/|Ue-^o* + cr,||/|U||x-y||B. 

omce IIT.IIb < it follows from (O) that 

\\X^-Xf\\^ < ce-^*||x -y||B, x,yeM,t>0. 

Combining this with (14. 7p and using the Markov property, we arrive at 

\Ptfix)-PJiy)\ 
<E\PJ{X:_^)-PJXXU\ 

< 2||/|Ue-^°^ + cr,||/|U||Xf_, - JIb 

< ci||/|U(l + \\x - y\W){e~''' V (r,e"^(*-^))}, s E (0,t) 

for some constant Ci > 0. Taking s = and using (I1.12p . we prove the desired estimate 
for t > The proof is then finished since the inequality trivially holds for some constant 
C > for t < □ 



5 Two specific models 

In the following two examples we take the reference measure fi to be the Wiener measure on 
the Brownian path space, and the Gaussian measure on a separable Hilbert space, respec- 
tively. 



5.1 Wiener measure 

Let B = {a; G C([0, 1]; M'') : Xq = 0}, and let /i be the Wiener measure on B, i.e. the 
distribution of the d-dimensional Brownian motion {Bs)s£[o,i]- Let HI = {/i G B : \hs\'^ ds < 
oo} be the Cameron-Martin space. Then (B,E[, yu) is known as the Wiener space (see [TT| 
Chapter 1]). 

By the Cameron-Martin theorem (or the Girsanov theorem), (II. ip holds for 



(5.1) 



exp 



{hs,dzs) 



\hJ ds 
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where J^ihs, dzg) is the Ito stochastic integral w.r.t. {zs)s&[o,i], which is the Brownian motion 
under /i. 

Let (B, H, fi) be the Wiener space specified above, and let A be the Laplace operator on 
[0, 1] with Dirichlet boundary condition at 0, and with either Dirichlet or Neumann boundary 
condition at 1. We call A the Dirichlet or the Dirichlet-Neumann Laplacian on [0, 1]. Let Pt 
be the semigroup associated with the SDE 

dXt = AXtdt + dLt, 

where Lt is a Levy process on B with Levy measure z/, and let uq satisfy (11.41) . 

Proposition 5.1. (1) If i>o{M) = oo, then Pt is strong Feller for any t > 0. 

(2) //z/o(B) < oo and there exist zq and tq > such that m{B{zo,ro) Po > 0, then 

||P,(x, ■) - Pt{y. ■n.ar < t > 0, X, y G B 

log(l + t) 

holds for some constant C > 0. 

(3) If Po is Lipschitz continuous and Aq := i^o(M) G (0, oo), then (11.131) holds for A > 
the first eigenvalue of A on [0, 1] under the underlying boundary condition. 

Proof. By the gradient estimate for the (Dirichlet or Dirichlet-Neumann) heat semigroup 
Tg on the interval [0, 1] (see e.g. [211 Section 2.4] and the references therein), there exists a 
constant Ci > such that 



d 



ci\\y\ 



^^(T,2/)(r) <^^, s>0,r G [0,1],2/GB. 



Then 

(5.2) ||r,y||H < s>0,yeM. 

Therefore, (A) holds for a = I. By (15. ip and (15. 2p . for yU-a.e. Bownian path z, we have 

sup ^Tsy{z + Tsy)< sup e-^o<'»"'d2„)-|/oi|h„pd« ^ 
lly||B<i 1I'j||h<cis-i/2 

Thus, (II. 6p holds and Theorem 11.11 implies the first assertion. 
Next, noting that 

we obtain 



^T.yizY p{dz) = / e2<i(^^^)'-'<i^'-)-/ol^(^=^)^l''iXd^) 
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This implies that 62{e) < C2e'^i/'^ for some constant C2 > and all e G (0,1). Thus, the 
second assertion follows from Theorem 11.21 

Finally, to prove (3) it suffices to verify (II. lip and (11.12^ in Theorem 11.31 Since (11.12^ 
follows from (15. 2p . we only have to prove (II. lip . By the Lipschitz continuity of po? there 
exist constants 03,04 > such that 

\po{z) - Po{z + h)\ < C3||/i||b < C3||/i||h 

and 

/i(Po) < C4E sup (1 + < 00. 

s6[0,l] 

Moreover, 

holds for II /i lie < 1- Then (II. lip holds for some constant c > 0. □ 



5.2 Gaussian measure 



Let B be a separable Hilbert space with ONB {ek}k>i, and fi the Gaussian measure with 
trace class covariance operator Q such that Qck = Qk^Sk, Qk > and YlkLi ^k^ < ^ (^^^ 
Chapter 2]). Coordinating z ^ M hj {z^ = {z,ek))k>i, "we have 



(5.3) 



//(dz) = ]T/ifc(dzfc), /ifc(dzfc) = — ==exp 



k=l 



dzk, k > 1. 



Next, let A be the self-adjoint operator on B with Ack = —^k^k-, Afc > for k>l and 

(5.4) m 



supe ^^^ql < 00, e > 0. 

k>l 



Let Lt be a Levy process on B with Levy measure satisfying (II. 4p . Let Pt be the Markov 
semigroup associated to the linear SDE 

dXt = AXtdt + dLf 

Proposition 5.2. (1) //z/o(B) = 00, then Pt is strong Feller for t > 0. 

(2) If ^^{M) < 00 and there exist Zq eM and Tq > such that Cq := mfB{zo,ro) Po > 0, then 
(OU]) holds for 

1 



52(e) 



Co 



1 + exp ( sup Qke 

k>l 



-2eXk 



< 00, 6 > 0. 



If, in particular, ~ A;'^^+'^) and \k ~ k'^^^ for some constants 5,d > and large k, then 
there exists a constant C > such that 

\\Pt{x, ■) - Ptiy, ■) La. < t > 0, X, y G B. 

(3) Suppose A := inffe>i > 0. Then ( ]1.13p holds for any Lipschitz continuous po with 
Ao := MM) G (0,00). 
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Proof. Let e = {/i e B : J2kLi Kik < By dEl it is easy to check that (A) holds for 
a = I. Moreover, by ( 15. 3p . for any /i G HI we have fi{dz — h) = (fh{z)fi{dz) for 



(5.5) 



(fihiz) = exp 



[qkhkZk - ^Qkhl^ 

k=l 



hk = {h,ek),k > 1. 



Then it is easy to see from (15. 4p that there exists a constant ci > such that 



sup (fTsviz + Tsv) < exp [PIIjj + ci/3(2s)J < oo, z eM. 

Ily||<i 



Therefore, the first assertion follows from Theorem 11.11 
Next, since a = /, it follows from (15.51) that 



a-^Tsy{zY K^Z) = JJ / CXp 



(5.6) 



k=l 



exp 



qk{Tsy)l - -qk{zk - '2{Tsy)kf 



dzk 



^QkiTsy) 

^ k=l 

[\\y\\l 



exp 



k=l 



<exp lllz/ll^supgfce 

k>l 



Thus, due to (15. 4p . Theorem 11.21 holds for the claimed 62(6). 

Finally, under (15. 4p . we have svLPk>iQkG~^^'' < 00 for s > 0, which implies (I1.12p . More- 
over, replacing Tsy hj h in ( 15. 6p we obtain 



f^i^h) - 1 = exp ^"^Qkhl 

k>l 



l<e^2i|/.|li_X <e^^||/i||^ 



< 1 



for some constant C2 > 0. Then as in the proof of Proposition 15. II we prove (II. lip . 



□ 
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